Uniqueness of solutions of linear nonlocal boundary value problems  by Henderson, Johnny & Kunkel, Curtis J.
Applied Mathematics Letters 21 (2008) 1053–1056
www.elsevier.com/locate/aml
Uniqueness of solutions of linear nonlocal boundary value problems
Johnny Henderson∗, Curtis J. Kunkel
Department of Mathematics, Baylor University, Waco, TX 76798, United States
Received 2 June 2006; accepted 15 June 2006
Communicated by R.P. Agarwal
Abstract
For n ≥ 3 and 1 ≤ k ≤ n − 1, conditions are established for which the nonlocal boundary value problem,
y(n) +
n−1∑
i=0
ai (x)y
(i) = 0,
y(i−1)(x j ) = 0, 1 ≤ i ≤ m j , 1 ≤ j ≤ k,
y(xk+1)− y(xk+2) = 0,
has only the trivial solution, for all positive integersm1, . . . ,mk such thatm1+· · ·+mk = n−1, and all a < x1 < · · · < xk+2 < b.
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1. Introduction
In this work, we consider uniqueness questions for certain nonlocal boundary value problems for the nth-order
linear differential equation, n ≥ 3,
y(n) +
n−1∑
i=0
ai (x)y
(i) = 0, a < x < b, (1.1)
where the ai , 0 ≤ i ≤ n − 1, are continuous on the open interval (a, b). Nonlocal boundary value problems are
receiving a great deal of current attention; we cite, for example, the small list of papers [3,6,9,10] for a range of
interest. In particular for us in this work, given 1 ≤ k ≤ n − 1, we are concerned with the property:
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(P.k) For all positive integers m1, . . . ,mk , such that m1 + · · · + mk = n − 1, and for all points a < x1 < · · · < xk <
xk+1 < xk+2 < b, the only solution of (1.1) satisfying the nonlocal boundary conditions,
y(i−1)(x j ) = 0, 1 ≤ i ≤ m j , 1 ≤ j ≤ k, (1.2.k)
y(xk+1)− y(xk+2) = 0, (1.3.k)
is the trivial solution, y(x) = 0.
We establish that, if (P.n-1) is satisfied, then, for every 1 ≤ k ≤ n − 2, (P.k) also holds. Uniqueness questions of
this type are not without motivation and history. For example, in disconjugacy theory for Eq. (1.1), several studies
have been devoted to relationships between n-point disconjugacy and l-point disconjugacy, for 2 ≤ l ≤ n − 1. More
precisely, given 2 ≤ l ≤ n, if for all positive integers p1, . . . , pl , such that p1 + · · · + pl = n, and for all points
a < t1 < · · · < tl < b, the only solution of (1.1) satisfying
y(i−1)(t j ) = 0, 1 ≤ i ≤ p j , 1 ≤ j ≤ l, (1.4l)
is y(x) = 0, then (1.1) is said to be l-point disconjugate on (a, b).
Opial [5] proved that n-point disconjugacy of (1.1) implies l-point disconjugacy of (1.1), for 2 ≤ l ≤ n. Later,
Peterson [7] proved that (n − 1)-point disconjugacy of (1.1) implies l-point disconjugacy of (1.1), for 2 ≤ l ≤ n.
In addition, Sherman [8] proved that 2-point disconjugacy of (1.1) again implies l-point disconjugacy of (1.1), for
2 ≤ l ≤ n. Finally, in independent papers, Henderson [2] and Muldowney [4] proved that if, for some 2 ≤ l0 ≤ n,
(1.1) is l0-point disconjugate, then (1.1) is l-point disconjugate, for all 2 ≤ l ≤ n.
It is the Opial [5] result for which we seek an analogous result for (1.1), (1.2.k), (1.3.k). Some initial results in that
direction were obtained by Clark and Henderson [1] for when n = 3. In fact in [1], for n = 3, (P.2) if and only if (P.1)
was established.
2. (P.n-1) implies (P.k)
In this section, we establish an analogue of the Opial result for problems (1.1), (1.2.k), (1.3.k). The first two results
of the section deal with relationships between solutions of (1.1), (1.2.n-1), (1.3.n-1) and l-point disconjugacy of (1.1).
Theorem 2.1. Assume condition (P.n-1) is satisfied. Then Eq. (1.1) is n-point disconjugate on (a, b).
Proof. Assume to the contrary that there exists a nontrivial solution y(x) of (1.1) such that, for some points
a < t1 < · · · < tn < b,
y(ti ) = 0, 1 ≤ i ≤ n.
Then |y(x)| has a positive local maximum in (tn−1, tn), and hence there exist points tn−1 < s1 < s2 < tn such that
y(ti ) = 0, 1 ≤ i ≤ n − 1,
and
y(s1) = y(s2).
By the hypothesis, y(x) = 0. This is a contradiction. 
In view of Opial’s [5] classical result, we have an immediate corollary concerning the l-point disconjugacy of (1.1).
Corollary 2.1. Assume condition (P.n-1) is satisfied. Then, for each 2 ≤ l ≤ n, Eq. (1.1) is l-point disconjugate on
(a, b).
We now present the main result of the work.
Theorem 2.2. Assume condition (P.n-1) is satisfied. Then, for each 1 ≤ k ≤ n − 2, condition (P.k) is also satisfied.
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Proof. Suppose to the contrary that (P.k) is not satisfied, for some 1 ≤ k ≤ n − 2.
Let
h = max{k = 1, 2, . . . , n − 2| (P.k) is not satisfied}.
Then, there are positive integers m1, . . . ,mh , such that m1 + · · · + mh = n − 1, and points a < x1 < · · · < xh <
xh+1 < xh+2 < b, for which there is a nontrivial solution y(x) of (1.1), (1.2.h), (1.3h). We note that Corollary 2.1
implies x j is a zero of exact multiplicity m j , 1 ≤ j ≤ h, since y(x) is a nontrivial solution of (1.1) (except for the
case h = 1, for which uniqueness of solutions of initial value problems for (1.1) would imply that x1 is a zero of exact
multiplicity n − 1).
Now, fix a < τ < x1. In addition, let
m j0 = max{m j |1 ≤ j ≤ h}.
Then m j0 ≥ 2. We may assume with no loss of generality that
y(m j0 )(x j0) > 0.
Let ε > 0 be given. By the maximality of h, there exists a unique solution zε(x) of (1.1) satisfying the nonlocal
boundary conditions at τ, x1, . . . , xh, xh+1, xh+2,
zε(τ ) = 0,
z(i−1)ε (x j ) = 0, 1 ≤ i ≤ m j , 1 ≤ j ≤ h, j 6= j0,
z(i−1)ε (x j0) = 0, 1 ≤ i ≤ m j0 − 2, (if m j0 > 2),
z
(m j0−2)
ε (x j0) = ε,
zε(xh+1)− zε(xh+2) = 0.
Also, by the maximality of h, the solution zε(x) depends continuously on nonlocal boundary conditions, and in
particular, on ε. It follows that for ε > 0 sufficiently small, there exist points x j0−1 < ρ1 < x j0 < ρ2 < x j0+1 such
that
z(i−1)ε (x j )− y(i−1)(x j ) = 0, 1 ≤ i ≤ m j , 1 ≤ j ≤ j0 − 1,
zε(ρ1)− y(ρ1) = 0,
z(i−1)ε (x j0)− y(i−1)(x j0) = 0, 1 ≤ i ≤ m j0 − 2, (if m j0 > 2),
zε(ρ2)− y(ρ2) = 0,
z(i−1)ε (x j )− y(i−1)(x j ) = 0, 1 ≤ i ≤ m j , j0 + 1 ≤ j ≤ h,
and
[zε(xh+1)− y(xh+1)] − [zε(xh+2)− y(xh+2)] = 0.
In particular, zε(x)− y(x) is a nontrivial solution of a (1.1), (1.2.h+2), (1.3.h+2) problem (or of a (1.1), (1.2.h+1),
(1.3.h+1) problem when m j0 = 2). This is a contradiction to the maximality of h. The proof is complete. 
Of course due to the linearity of (1.1), (1.2.k), (1.3.k) and in light of Theorem 2.2, we have an existence result for
nonhomogeneous nonlocal boundary value problems.
Corollary 2.2. Assume the hypothesis of Theorem 2.2. Then, for each 1 ≤ k ≤ n − 1, positive integers m1, . . . ,mk ,
such that m1 + · · · + mk = n − 1, points a < x1 < · · · < xk < xk+1 < xk+2 < b, real values yi j (1 ≤ i ≤ m j , 1 ≤
j ≤ k), yn ∈ R, and f ∈ C(a, b), there exists a unique solution y(x) of
y(n) +
n−1∑
i=0
ai (x)y
(i) = f, a < x < b,
y(i−1)(x j ) = yi j , 1 ≤ i ≤ m j , 1 ≤ j ≤ k,
y(xk+1)− y(xk+2) = yn .
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